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This paper gives a slight refinement of a theorem of Hamilton [2], which
shows that the velocity of a Keplerian motion moves on a circle.
The motion of a particle of mass m under an attractive central force with
potential U(|x|) = −k 1|x| is governed by Newton’s equations
m
d2x
dt2
= −gradU(|x|) = −k x|x|3 . (1)
Here x ∈ R3 \ {(0, 0, 0)} with |x| being the length of x using the Euclidean
inner product 〈 , 〉.
In [2] Hamilton proved
Theorem. The velocity vector v = dxdt of the particle moves on a circle C,
which uniquely determines its Keplerian orbit.
Following Milnor [3], see also Anosov [1], we recall the proof of Hamilton’s
theorem.
Proof. Let J = x ×mv be the angular momentum of the particle, which
we assume is nonzero. Because
dJ
dt
=
dx
dt
×mv + x×mdv
dt
= v ×mv − x× (− k|x|3x
)
= 0,
it follows that J is a constant of motion. Since J 6= 0, the motion x(t) and
the velocity v(t) of the particle are linearly independent vectors, which lie
in, and thus span, a plane Π perpendicular to J.
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Introduce coordinates on R3 so that J = (0, 0, j), where j = |J| > 0. Then
Π = {x = (x, y, 0) ∈ R3 (x, y) ∈ R3}. Using polar coordinates (r, θ) on Π
so x = (r cos θ, r sin θ, 0), we find that
j = x
dy
dt
− ydx
dt
= r2
dθ
dt
. (2)
From (2) and the fact that r > 0 and j > 0, it follows that dθdt > 0. Therefore
we can reparametrize the curves t 7→ x(t) and t 7→ v(t) using θ instead of
t. This reparametrization preserves the original positive orientation of both
curves, given by increasing t. Now write Newton’s equations (1) as
dv
dt
= − k
mr2
(cos θ, sin θ, 0).
Dividing by dθdt and using (2) gives
dv
dθ
=
dv
dt
dθ
dt
= −(k/mr2/j/r2) (cos θ, sin θ, 0) = −R (cos θ, sin θ, 0),
where R = k/jm. Integrating the above equation we get
v(θ) = R (− sin θ, cos θ, 0) + c, (3)
where c = (c1, c2, 0). Thus the velocity vector v of the particle moves in a
positive sense, namely, with increasing θ, on a circle C in the plane Π with
center at c and radius R.
Let e = c/R, where c = |c| ≥ 0. Choose coordinates on Π so that c =
(0, c, 0). We may rewrite (3) as
v(θ) =
(−R sin θ,R(e+ cos θ), 0). (4)
Consequently,
j = 〈J, (0, 0, 1)〉 = 〈x(θ)×mv(θ), (0, 0, 1)〉
=
(
r(θ) cos θ
)
mR(e+ cos θ)− (r(θ) sin θ)mR(− sin θ)
using x(θ) =
(
r(θ) cos θ, r(θ) sin θ, 0) and (4)
= mr(θ)R(1 + e cos θ).
So the orbit on Π traced out by the motion θ 7→ x(θ) of the particle satsifies
r = r(θ) = Λ(1 + e cos θ)−1. (5)
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This is the equation of a conic section of eccentricity e ≥ 0 with focus at
O = (0, 0, 0). Here Λ = j/mR = j2/k. 
In the case of elliptical or circular motion 0 ≤ e < 1 the angle θ increases
by 2pi, while the particle traces out the ellipse or circle, respectively. Hence
the velocity vector traces out all of the velocity circle C.
From now on we only look at the case of hyperbolic Keplerian motion (5)
where e > 1. So |θ| < θ0 = cos−1
(− e−1) = pi− θ∗, where θ∗ = cos−1e−1. In
this case we will show that the velocity vector traces out a closed arc A of
the circle C in a positive sense. Conservation of energy places the following
constraint
|v|2 = 〈v,v〉 = 2h
m
+
k
m2
1
|x| >
2h
m
(6)
on the length squared of the velocity of the particle. In other words, the
velocity vector v lies outside of the closed 2-disk E in Π with center at O
and radius
√
2h
m
. It lies on the velocity circle C and on the energy circle ∂E ,
given by |v| =
√
2h
m
, if and only if 0 = 1
r(θ) = Λ
−1(1 + e cos θ), that is, if
and only if θ = ±θ0 = ±(pi − θ∗). Thus the closed arc A has end points
v(±θ0)− c. Using (4) we see that the corresponding velocity vector on C is
v(±θ0)− c =
(−R sin(±θ0), R cos(±θ0), 0) = (∓R sin θ∗,−R cos θ∗, 0)
=
{ (
R cos(32pi − θ∗), R sin(32pi − θ∗), 0
)
, when + holds(
R cos(−(12pi − θ∗)), R sin(−(12pi − θ∗)), 0
)
, when − holds. (7)
Now v(±θ0) is the asymptotic velocity of the outgoing motion of the particle
when the + sign is taken, and the asymptotic velocity of the incoming motion
when the − sign is taken. Note that v(θ0)− c lies in the intersection of the
half planes {x < 0} and {y < 0} of the 2-plane Π; while v(−θ0) lies in the
intersection of the half planes {x > 0} and {y < 0} and is symmetric in the
y-axis to v(θ0). Thus the velocity of the particle moves along the arc A of C
in the positive sense (with θ increasing) from v(−θ0)− c to v(θ0)− c. Let
Θ be the positive angle swept out by a counterclockwise rotation about c,
which sends v(−θ0)−c to v(θ0)−c. From (7) it follows that Θ = 2(pi− θ∗).
The directions of the asymptotic motion of the particle corresponding to
v(±θ0) are
d±θ0 =
x(±θ0)
|x(±θ0)| =
(
cos(±θ0), sin(±θ0), 0
)
=
(− cos θ∗,± sin θ∗, 0). (8)
Here dθ0 is the asymptotic direction of the outgoing motion of the particle;
while d−θ0 is the asymptotic direction of incoming motion. By definition, the
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scattering angle Ψ of the hyperbolic motion of the particle is the positive an-
gle swept out by a counterclockwise rotation about the center C = (ae, 0, 0)
of the hyperbola which sends d−θ0 to dθ0 .
Claim. In the case of hyperbolic Keplerian motion of energy h and angular
momentum of magnitude j, the angle Θ determined by the positive arc A
of the velocity circle C is equal to the scattering angle Ψ.
Proof. By definition 12 Ψ is the angle swept out by a counterclockwise rota-
tion about the center C of the hyperbola from the x-axis of Π to the outgoing
asymptotic direction dθ0 of the hyperbola. By construction
1
2 Ψ = θ0. So
1
2 Ψ = θ0 = pi − θ∗ = 12 Θ. Explicitly, we have 12 Θ = pi − tan−1(
√
e2 − 1) =
pi− tan−1( j
k
√
2hm
)
. To see this last equality, substitute (4) and (5) into the
conservation of energy equation (6). We get
h = 12 mR
2
(
sin2θ + (e+ cos θ)2
)− k
mΛ
(1 + e cos θ)
= 12 mR
2(1 + e2 + 2e cos θ)−mR2(1 + e cos θ)
= 12 mR
2(e2 − 1) = 12
k2
mj2
(e2 − 1). 
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